Mark Kisin proved that a certain "restriction functor" on crystalline p-adic representations is fully faithful. In this paper, we prove the torsion analogue of Kisin's theorem.
Introduction
Let p > 2 be a prime number and r, r ′ ≥ 0 integers. Let K be a complete discrete valuation field of mixed characteristic (0, p) with perfect residue field and absolute ramification index e. Let π = π 0 be a uniformizer of K and π n a p n -th root of π such that π p n+1 = π n for all n ≥ 0. Put K ∞ = n≥0 K(π n ) and denote by G K and G ∞ absolute Galois groups of K and K ∞ , respectively. In Theorem (0.2) of [Kis] , Kisin proved that the functor "restriction to G ∞ " from crystalline Q p -representations of G K to Q p -representations of G ∞ is fully faithful, which was a conjecture of Breuil ([Br2] ). Hence we may say that crystalline Q p -representations of G K are characterized by their restriction to G ∞ . It should be noted that there exists an established theory describing representations of G ∞ by easy linear algebra data, which is calledétale ϕ-modules, introduced by Fontaine ([Fo1] A 1.2). In this paper, we are interested in the torsion analogue of the above Kisin's result. For example, Breuil proved in Theorem 3.4.3 of [Br3] that the functor "restriction to G ∞ " from finite flat representations of G K to torsion Z p -representations of G ∞ is fully faithful (Remark 18 (2)). Our main theorem is motivated by his result: Theorem 1. Suppose er < p − 1 and e(r ′ − 1) < p − 1. Let T (resp. T ′ ) be a torsion crystalline Z p -representation of G K with Hodge-Tate weights in [0, r] (resp. [0, r ′ ]). Then any G ∞ -equivalent morphism T → T ′ is in fact G K -equivalent. In particular, the functor from torsion crystalline Z p -representations of G K with Hodge-Tate weights in [0, r] to torsion Z p -representations of G ∞ , obtained by restricting the action of G K to G ∞ , is fully faithful.
Here a torsion Z p -representation of G K is said to be torsion crystalline with Hodge-Tate weights in [0, r] if it can be written as the quotient of two lattices in some crystalline Q p -representation of G K with Hodge-Tate weights in [0, r] . For example, a torsion Z p -representation of G K is finite flat if and only if it is torsion crystalline with Hodge-Tate weights in [0, 1] (Remark 18 (2)). If e = 1, the latter part of Theorem 1 has been proven by Breuil via Fontaine-Laffaille theory (Remark 18 (3)). On the other hand, our proof is based on results on Kisin modules and (ϕ,Ĝ)-modules (the notion of (ϕ,Ĝ)-modules is introduced in [Li2] ). More precisely, we use maximal models for Kisin modules introduced in [CL1] and results on "the range of monodromy" for (ϕ,Ĝ)-modules given in Section 4 of [GLS] .
It seems natural to have the question whether the condition "er < p − 1" in the latter part of Theorem 1 is necessary and sufficient for the full faithfulness or not. In fact, we know that the condition "er < p − 1" is not necessary since our restriction functor is fully faithful for any e when r = 1 (Remark 18 (2)). (Maybe the necessary and sufficient condition for the full faithfulness is "e(r − 1) < p − 1" (Remark 18).) In addition, in the last section, we give some examples such that the restriction functor appeared in Theorem 1 is not full under some choices of K and r which do not satisfy "er < p − 1" (more precisely, "e(r − 1) < p − 1"). Examples are mainly given by using two methods: The first one is direct computations of Galois cohomologies, which is a purely local method. The second one is based on the classical Serre's modularity conjecture, which is a global method.
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Preliminaries
Throughout this paper, we fix a prime number p > 2. Let r ≥ 0 be an integer. Let k be a perfect field of characteristic p, W (k) its ring of Witt vectors, K 0 = W (k)[1/p], K a finite totally ramified extension of K 0 , K a fixed algebraic closure of K and G K = Gal(K/K). Fix a uniformizer π ∈ K and denote by E(u) its Eisenstein polynomial over K 0 . For any integer n ≥ 0, let π n ∈ K be a p n -th root of π such that π Let R = lim ← − O K /p where O K is the integer ring of K and the transition maps are given by the p-th power map. Write π = (π n ) n≥0 ∈ R and let [π] ∈ W (R) be the Teichmüller representative of π. Let S = W (k) [[u] ] equipped with a Frobenius endomorphism ϕ given by u → u p and the Frobenius on W (k). We embed the
. This embedding extends to an embedding S ֒→ W (R), which is compatible with Frobenius endomorphisms.
A ϕ-module (over S) is an S-module M equipped with a ϕ-semilinear map ϕ : M → M. A morphism between two ϕ-modules (M 1 , ϕ 1 ) and (M 2 , ϕ 2 ) is an S-linear map M 1 → M 2 compatible with ϕ 1 and ϕ 2 . Denote by ′ Mod r /S the category of ϕ-modules (M, ϕ) of height ≤ r in the sense that M is of finite type over S and the cokernel of 1 ⊗ ϕ : 
Here we recall the theory of Liu's (ϕ,Ĝ)-modules (cf. [Li2] ). Let S be the p-adic completion of the divided power envelope of W (k) [u] with respect to the ideal generated by E(u). There exists a unique Frobenius map ϕ : 
i! is the standard divided power. We define a subring R K0 of B + cris as below:
in [Li2] shows that R (resp. R K0 ) is a ϕ-stable S-algebra as a subring in W (R) (resp. B + cris ), and ν induces R K0 /I + R K0 ≃ K 0 and R/I + ≃ S/I + S ≃ S/I + S ≃ W (k). Furthermore, R, I + , R K0 and I + R K0 are G K -stable, and G K -actions on them factors throughĜ. For any Kisin module M, we equip R ⊗ ϕ,S M with a Frobenius by ϕ R ⊗ ϕ M . It is known that the natural map M → R ⊗ ϕ,S M given by x → 1 ⊗ x is an injection ([CL2], Section 3.1). By this injection, we regard M as a ϕ(S)-stable submodule of R ⊗ ϕ,S M.
HK where
If M is a torsion (resp. free) Kisin module, we callM a torsion (resp. free) (ϕ,Ĝ)-module.
A morphism between two (ϕ,Ĝ)-
We denote by Mod r,Ĝ /S∞ (resp. Mod r,Ĝ /S ) the category of torsion (ϕ,Ĝ)-modules of height ≤ r (resp. free (ϕ,Ĝ)-modules of height ≤ r). We often regard R ⊗ ϕ,ϕ M as a G K -module via the projection
Here,
Fix a topological generator τ of Gal(K/K p ∞ ) where
We may suppose that ζ p n = τ (π n )/π n for all n, and this implies τ (u) = [ε]u in W (R). There exists t ∈ W (R) pW (R) such that ϕ(t) = pE(0)
−1 E(u)t. Such t is unique up to units of Z p (cf. Example 2.3.5 of [Li1] ). The following theorems play important rolls in the proof of Theorem 1. 
(1) There exists an exact sequence S : 0 →L →L ′ →M → 0 of (ϕ,Ĝ)-modules such that:
(2) LetM be as in (1). For any
Proof. The assertion (2) is an easy consequence of [GLS] , Proposition 5.9. Here is one remark: In loc. cit, K is assumed to be a finite extension of Q p , but arguments in Section 4.1 and 4.2 of loc. cit. proceed even if K is not only a finite extension of Q p but also any complete discrete valuation field of mixed characteristic (0, p) with perfect residue field.
Proof of Theorem 1
For any integer α ≥ 0, we denote by m
We note that we have natural inclusions and thus it follows Theorem 1 from the following result.
Theorem 5. Suppose er < p − 1 and e(r
Lemma 6. Let a ∈ W (R) pW (R). For any Kisin module M, the map
Proof. We may suppose that M is a torsion Kisin module. By a dévissage argument ([Li1], Proposition 2.3.2 (4)), we may assume pM = 0. In this situation, the statement is clear since W (R)⊗ ϕ,S M is a finite direct sum of R.
The following is a key lemma for our proof of Theorem 5:
Lemma 7. Let r and r ′ be non-negative integers with e(r − 1) < p − 1 (without any assumption on r ′ ). LetM andN be objects of Mod The condition e(r − 1) < p − 1 is essential. See Remark 10 below.
, we obtain the following implication
On the other hand, since M is of height ≤ r, we can write E(u) r x = i≥0 a i ϕ(y i ) for some a i ∈ S and y i ∈ M. Then we obtain
and it is contained in m ≥pc(0) R (R ⊗ ϕ,S N) by the implication (0). Since R ⊗ ϕ,S N is free as an R-module, we obtain the implication
where c(1) = pc(0) − pr = . Since 0 → R ⊗ ϕ,S N ′ → R ⊗ ϕ,S N → R ⊗ ϕ,S N ′′ → 0 is exact and
. By an analogous argument of the case where n = 1, we obtain the implication
for any s ≥ 0 and this implies ∆(1 ⊗ x) = 0.
Before giving the proof of Theorem 5, we have to recall the theory of maximal Kisin modules. Now we give a very rough sketch of it (for more precise information, see [CL1] . Our sketch here is the case where "r = ∞" in loc. cit.). 
The first bottom horizontal arrow is bijective by Lemma 7 and the second is also by an easy argument. Since the right vertical arrow is bijective, the top horizontal arrow must be bijective.
Remark 9. By Lemma 7, we can prove the latter part of Theorem 1 directly without using the former part of Theorem 1 as below: Suppose that er < p − 1. Let T ∈ Rep r tor (G K ) (resp. T ′ ∈ Rep r tor (G K )) and takeM (resp.M ′ ) be as in Theorem 4, which is an object of Mod r,Ĝ,cris /S∞ . By Theorem 3 (1), we have the commutative diagram
and then we obtain the desired result by an analogous argument before this remark. 
τ (E(u)) ), which is contained in R × (cf. Example 3.2.3 of [Li4] ). Then Example 3.2.3 of loc. cit. says thatT (Ŝ 1 (ℓ)) ≃ F p (ℓ). On the other hand, we define the (ϕ,Ĝ)-moduleŜ 1 (ℓ) 0 = (S 1 (ℓ) 0 , ϕ,Ĝ) as below: 
. Now we consider the following commutative diagram (here we remark that S 1 (0) ⊕ S 1 (1) 0 is maximal):
The second bottom horizontal arrow and the right vertical arrow are bijective since S 1 (0) ⊕ S 1 (1) 0 is maximal. On the other hand, it is well-known that the inclusion Hom 
Non-fullness: Examples
In the previous section, we showed that the restriction functor Rep
is fully faithful under the condition that er < p − 1. However, the full faithfulness may not hold if er ≥ p − 1. In this section, we give some examples of this phenomenon. It should be noted that all our examples appearing in this section are given under the condition e(r − 1) ≥ p − 1.
Let µ p n be the set of p n -th roots of unity in K, µ p ∞ := n≥0 µ p n and denote by G 1 ⊂ G K the absolute Galois group of K(π 1 ). Remark that, if the restriction functor C → Rep tor (G 1 ) is not fully faithful for a full subcategory C of Rep tor (G K ), then the restriction functor C → Rep tor (G ∞ ) is not fully faithful. Furthermore, we also remark that restriction functors C → Rep tor (G ∞ ) and C → Rep tor (G 1 ) are always faithful.
Proposition 12. Let K be a finite extension of Q p . Let s be the largest integer n such that µ p n ⊂ K. Suppose that s ≥ 1 and K(µ p s+1 )/K is ramified. Then the functor from torsion crystalline Z p -representations of G K with Hodge-Tate weights in [0, p + 1] to torsion Z p -representations of G 1 , obtained by restricting the action of G K to G 1 , is not full.
The lemma below follows from direct calculations.
Lemma 13. Let s ≥ 1 be an integer and ψ : G K → Z × p an unramified character with the property that s is the largest integer n such that ψ mod p n is trivial. Define β ψ : G K → Z p by the relation ψ = 1 + p s β ψ and putβ ψ = β mod p. Denote by δ
Proof of Proposition 12. Let ε : G K → Z × p be the p-adic cyclotomic character andε := ε mod p the mod p cyclotomic character. Let K and s ≥ 1 be as in Proposition 12. Let χ : G K → Z × p be an unramified character such that χ mod p s is trivial. It suffices to show that, for some choice of χ, there exist ρ : G K → GL 2 (Z p ) and 2 ≤ r ≤ p + 1 with an exact sequence 0 → χε r → ρ → 1 → 0 of representations of G K such that ρ mod p is not trivial on G K but is trivial on G 1 . Here, 1 in the above exact sequence means the trivial character. Since µ p ⊂ K, we can define f 0 ∈ H 1 (G K , F p ) such that f 0 factors throughĜ, f 0 (τ ) = 1 and f 0 | HK = 0, where H K is defined in Definition 2. The kernel of the restriction map
the connection map coming from the exact sequence 0
Hence it is enough to choose χ which satisfies the latter condition for some 2 ≤ ℓ ≤ p + 1.
Since K(µ p s+1 )/K is ramified, we know that s is the largest integer n such that χ −1 ε −1 mod p n is trivial. Take β χ −1 ε −1 andβ χ −1 ε −1 as in Lemma 13. For simplicity, we write α χ := β χ −1 ε −1 and α χ :=β χ −1 ε −1 . By Lemma 13, Im(δ 0 χ,2 ) is generated byᾱ χ . Ifᾱ 1 is contained in H, then we finish the proof (choose χ as the trivial character 1). Supposeᾱ 1 is not contained in H. From now on, we fix χ as follows; χ is the unramified character
, where Frob K is the arithmetic Frobenius of K. Let u 1 : G K → F p be the unramified homomorphism with u 1 (Frob K ) = 1. Then we obtainᾱ χ = u 1 +ᾱ 1 . Since K(µ p s+1 )/K is ramified, we see that α 1 | IK is not zero where I K is the inertia subgroup of G K . This implies u 1 / ∈ F p .ᾱ 1 . Noting that
, we haveᾱ χ +āᾱ 1 ∈ H for someā ∈ F p . Let 0 ≤ a ≤ p − 1 be the integer such that a mod p isā. Under the modulo p 2s , we have χ
. Sinceᾱ χ +āᾱ 1 = u 1 + (ā + 1)ᾱ 1 = 0, we see that s is the largest integer n such that χ −1 ε −(1+a) mod p n is trivial. Hence, defining β χ −1 ε −(1+a) as in Lemma 13, we obtainβ χ −1 ε −(1+a) =ᾱ χ +āᾱ 1 . Therefore, we obtain that Im(δ 0 χ,2+a ) = F p .β χ −1 ε −(1+a) ⊂ H and we have done.
Unfortunately, Proposition 12 can not be applied even if K = Q p . On the other hand, the following proposition is effective for K = Q p , but we need a certain restriction on the choice of the uniformizer π. Let L be the unique degree p extension of K which is contained in K(µ p ∞ ).
(Thus the extension L/K must be totally ramified in this case.) Then the functor from torsion crystalline Z p -representations of G K with Hodge-Tate weights in [0, p] to torsion Z p -representations of G 1 , obtained by restricting the action of G K to G 1 , is not full.
Proof. Let s be the largest integer n such that µ p n ⊂ K. Then we can write ε 1−p = 1+pψ with some map ψ :
π1 for σ ∈ G K , which is clearly trivial on G 1 . By Tate local duality and the fact that the image of δ 0 is generated byψ (cf. Lemma 13), it suffices to show that ([π],ψ) maps to zero under the Tate pairing
∼ → Gal(L/K) be the isomorphism of local class field theory. It is enough to show thatψ(φ L/K (π)) = 0. Our assumption of π implies that this equality certainly holds. Now we give an example for the non-fullness of our restriction functor without any assumption on the choice of the uniformizer π.
Proposition 15. The functor from torsion crystalline Z p -representations of G Qp with Hodge-Tate weights in [0, p] to torsion Z p -representations of G 1 , obtained by restricting the action of G Qp to G 1 , is not full. Proof. We have a decomposition q = q ′ q ′′ , where
is a representation of G Qp and we have an isomorphism
Hence we can reduce the case where K = Q p . Let ℓ > 3 be a prime number different from p such that −ℓ is not a square in F × p (recall that p is odd). Choose an elliptic curve E (ℓ) over Q ℓ which has good supersingular reduction. Since ℓ > 3, we have
is an irreducible representation of G Q ℓ where G Q ℓ is the absolute Galois group of Q ℓ . We define S to be the set of Q-isomorphism classes of elliptic curves E defined over Q which satisfy the following conditions:
(a) E has multiplicative reduction at p and
The set S is infinite since elliptic curves over Q, whose coefficients of their defining equations are p-adically close enough to that of E π and also ℓ-adically close enough to that of E (ℓ) , are contained in S. Now we take any elliptic curve E over Q whose Q-isomorphism class is in the set S. By the condition (c), E[p] is irreducible as a representation of G Q . By the classical Serre's modularity conjecture (proved by Khare and Wintenberger) and the well-known fact that p-adic representations arising from Hecke eigencusp forms of level prime to p are crystalline, we know that Here we suggest the following question.
Question 17. What is the necessary and sufficient condition for that the functor
is fully faithful? Furthermore, does this condition depend only on e and r?
Remark 18. (1) We do not know whether the full faithfulness of the functor in Question 17 depends on the choice of the system (π n ) n≥0 or not (see Proposition 14). However, it is not difficult to see the following: Take two systems (π n ) n≥0 and (π ′ n ) n≥0 of p n -th roots of a fixed uniformizer π of K (thus we have π 0 = π 
is fully faithful for any K without any restriction on e. In fact, this assertion is true even if p = 2 (cf. [Kim] , [La] , [Li4] , proved independently. Explicitly, see Corollary 4.4 of [Kim] ). 
A (ϕ,Ĝ)-modules associated with crystalline representations
In Proposition 5.9 of [GLS] , a necessary condition for representations arising from free (ϕ,Ĝ)-modules to be crystalline is given. In this appendix, we show that the converse holds. The result here justifies the subscript "cris" of the category Mod r,Ĝ,cris /S∞ defined in Section 3. We continue to use the same notation as in Section 2. For any integer n ≥ 0, we define ideals of W (R) as below:
I
[n] W (R) := {a ∈ W (R); ϕ m (a) ∈ Fil n A cris for every m ≥ 0}, I (see Section 5 of [Fo2] for more precise information). The proof of Lemma 3.2.2 of [Li2] shows that I [n] W (R) is a principal ideal of W (R) generated by ϕ(t) n . In particular we see that u p ϕ(t) is contained in I (3) For any x ∈ M, we have τ (x) − x ∈ u p ϕ(t)(W (R) ⊗ ϕ,S M).
Before giving a proof of this theorem, we shall recall some known facts about (ϕ,Ĝ)-modules. LetM ∈ Mod r,Ĝ /S be a (ϕ,Ĝ)-module, and put D = S K0 ⊗ ϕ,S M. Then D has a structure as a Breuil module which corresponds to the semi-stable representationT (M) ⊗ Zp Q p of G K . (Breuil modules here are objects of "MF S (ϕ, N )" defined in Section 6.1 of [Br1] . It is useful for the reader to refer also Section 5 of [Li1] .) Denote by N D the monodromy operator of D and define a G K -action on B It is not difficult to check the equation log(τ )(x) = t ⊗ N D (x). Consequently the monodromy operator N D can be reconstructed from the τ -action ofM by the relation
